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Abstract 
Ciao, W., Coincidence points of principal bundles, Topology and its Applications 43 (1992) 
131-139. 
Let p : E + B be a principal G-bundle where G is a compact connected Lie group, p’: E’+ B’ be 
a fibre bundle and f; g: E’+ E be fibre-preserving maps over a map h : B’+ B. If the Lefschetz 
number for the restriction off and g on a fibre is not zero, we give the number of nonempty 
Nielsen classes over h for f and g as well as the topological dimension of each class. 
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Introduction 
Let p : E + B and p’ : E’ + B’ be fibre bundles and .f; g : E’ + E be fibre-preserving 
maps over a map h : B’+ B (h 0 p’= p of= p 0 g). We denote C,, the coincidence 
set off and g (C,-, = {e E E’lf(e) = g(e)}). Let x, y E C&, we say that x is equivalent 
to y iff there is a path A in E’ from x to y such that j-0 h L g 0 A (homotopy rel 
endpoints over h). The equivalence classes are called the Nielsen classes over h for 
f and g. It is still an open problem to compute the number of nonempty Nielsen 
classes over h for f and g (denoted by N(x g)). 
In the case where p =p’: E + B is a principal S’-bundle, g = IE, and E, B are 
compact manifolds without boundary, GonGalves gave the number of Nielsen classes 
over B off as well as the topological dimension of this class in [8]. 
The purpose of this paper is to compute N(f; g) in the case where p : E + B is a 
principal G-bundle where G is a compact connected Lie group of dimension n. 
When the Lefschetz number for the restrictions off and g on a fibre is not zero, 
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in fact, when u(A g),,, f 0, we give N(J; g) as well as the topological dimension 
each class. 
The paper is organized as follows. In Section 1, we deal with the root classes 
of 
of 
a map through covering spaces. In Section 2, we show the equivalence between the 
Nielsen classes over h forf and g and the root classes of the associated map u(J; g) 
at e, the identity of G. In Section 3, we study the orientation of a principal bundle 
as well as its Thorn class, and also another illustration of u(JI g): is given by ALE, 
the Lefschetz coincidence class for f and g of [12]. The main theorems are given 
in Section 4. Section 5 contains some examples. 
Most results contained in the paper are of the Masteral Dissertation written at 
Nankai Institute of Mathematics in Tianjin under the direction of Professor Boju 
Jiang. I am very grateful to Professor Boju Jiang who has given me help and 
suggestions. 
1. Root classes and their indices 
Let f be a map from a compact connected manifold M into a closed connected 
manifold N. Let a be the base point of N and denote r(f, a) =_/-‘(a). 
Two roots x0 and x, to f(x) = a are equivalent iff there is a path A in M from x0 
to x, such that fo A = a (homotopy rel endpoints) where a denotes the constant 
path at a. This is an equivalence relation. An equivalence class of roots is called a 
root class. The set of root classes is denoted by F(f; a). 
Let x.+ E r(f, a), ,f# : II,( M, x*) + ZI,( N, a) be the homomorphism induced by f 
and b: fi + N be the covering map which corresponds to the subgroup _&(n,( M)). 
There is a lifting f: M + fi where 
Proposition 1.1. Let &, 6, EC-‘(u). IfxoEj-‘(CT,), x, El-‘(&), thenx, undx, belong 
to the same root class if and only if CO = C,. 
Proof. Assume that Co= 6,. Let A be a path in M from x0 to x,. So we have 
[f 0 A] E n,( fi, a,,). Since F+! : l7,( M, x,,) + Lr,( J?, &) is an isomorphism, we can 
choose a loop p in M at xU such that [jo /3] = [To A]-‘. Therefore, A . p is a path 
from x,, to x, , and 
It follows that x0 and x, belong to the same root class. 
Now suppose that a”” # i, . It is easy to see that x,, and x, do not belong to the 
same root class from the definition. 0 
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Remark. Let i Ebb’. By Proposition 1.1, f-‘(i) is a root class even though it 
may be empty. 
Let (Y E f’(A a). There is a closed neighborhood C of LY such that C -(Y contains 
no roots of f(x) = a. For such a set C the inclusion e: (C, C - cy) c (M, M-N) is 
an excision, and defines a pair map f’:(C,C-CY)+(N, N-la}). Let i:Mc 
(M, M-a) be the inclusion. Then the homomorphism w(i (Y): H,(M) + 
H,( IV, N -{a}) is defined to be the composition 
fk 0 e,’ 0 i *:H.+.(M)+H,(M, M-a)+H,(C,C-a)+H,(N,N-{a}). 
We call w(f; (Y) the index of (Y. This is the definition of [2]. 
Let z E $-‘(a) and f-‘(i) = (Y. There is a closed neighborhood U of 6 such that 
5: U + i( U) is a homeomorphism. Then f-‘( U) is a closed neighborhood of a, 
and we have the commutative diagram: 
H,(M)& H,(M, M-n)+ 
H*(j.-‘(U),j-1(U)-a)2, ~*(~(~), ~(U)-{u})~H*(N,N-{u}) 
\ 
-f, 
-____________j 
p* - I 
H*(U, u-{~>)+ H*(fi, %{a’}) 
where e, , e,, e3 are excisions, ~7, is the isomorphism induced 
homomorphism e3.+ 0j!+ 0 e;i 0 i, is the same as the homomorphism 
_ 
r f*oi*:H,(M)~H,(M,M-a)~H*(~,‘,-{a”}) 
and has the same property as w(A a). 
Proposition 1.2. Each root class has the same index. 
Proof. This follows directly from (1) and the commutative diagram: 
H,(M) I* H,( M, M -f -‘( L?)) 
7, 
I 
f* 
I 
H*( fi) -L H*(fi, 7%{a’}) 
where &EF-‘(a). 0 
(1) 
by j?. So the 
Remarks. (1) Definitions and similar results in the section can be found in [2, 9, 
lo]. Proposition 1.2 is new in the case where the index is zero. 
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(2) Proposition 1.2 is also true if we define the index of a root class by cohomology. 
(3) The homology (cohomology) we use is the classical homology (cohomology). 
The coefficient ring of homology (cohomology) is to be a principal ideal domain if 
we do not indicate otherwise. 
2. Root classes and Nielsen classes over h 
In this section, we assume that p: E + B is a principal G-bundle where G is a 
compact connected Lie group and 0 : G x E + E the G-action. There is a map 
u : E xs E + G where E xB E is the fibre square, such that y = u(x, y).x for any 
(x,y) of E x, E, where u(x,y).x means e(u(x,y), x). 
Let p’: E’+ B’ be a fibre bundle. Given f, g: E ‘+ E fibre-preserving maps over 
h : B’+ B, there is a composition: 
denoted by u(f, g). Then we have g(x) = u(f, g)(x)f(x). 
Proposition 2.1. CY,,, = u(f; g)-‘(e), where e is the identity of G. 
Proof. Obvious. 0 
Lemma 2.2. Let x, y E Cjin, then x and y belong to the same Nielsen class over h for 
f and g if and only if x and y belong to the same root class of u(f, g)(x) = e. 
Pro25 x and y belong to the same Nielsen class over h. 
ti There is a path A in E’ from x to y, and a homotopy H : I x I + E such that 
H(t, 0) =f(A(t)), H(t, 1) = g(A(t)), H(O, s) =f(x) = g(x), H(1, s) =f(y) = g(y), 
poH(t,s)=hop’(A(t)) where t,sEI. 
B There is a homotopy uH : Z x Z +G suchthat H(t,s)=e(u,,(t,s),f(A(t)3), 
+(t,O)=e, uH(t,l)=u(f,g)(A(t)), ~~(O,s)=e=+(Ls). 
) u(f, g) 0 A = e (homotopy rel endpoints). 
w x and y belong to the same root class of u(f; g)(x) = e. 0 
Denote by [E, EIB the set of fibre-preserving homotopy classes of fibre-preserving 
maps over B( h = ZLI) and [E, G] the homotopy group of maps from E to G. Define 
v : L-6 ‘4 + [E, EIB by v([kl) = [kJ,l where (k.Z,)(x) = k(x).x for XE E and 
w : [E, Els + [E, Gl by Nf I) = [~(ZE, f )I and the multiplication in [E, EIB by 
[f 1 o [ET1 =[U(ZE. f )U(ZE, g).ZETl. 
Proposition 2.3. v, w, and the multiplication are well defined, Furthermore, [E, E], is 
a group and v, w are isomorphisms of groups. 
Proof. A similar proof to Lemma 2.2 proves that v and w are well defined. Then 
the multiplication is well defined and [E, EIB is a group. It follows from v 0 w = Z 
and w 0 v = Z that v and w are isomorphisms. 0 
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3. The orientability of principal bundles and its applications 
Let p: E + B be a fibre bundle and Fh denote the fibre over b (b E B). Such a 
bundle is said to be R-orientable if the local system {H”(F,; R)}hcB is simple for 
every q. 
If each fibre is an oriented compact m-manifold and the local system 
{H”(&; R)]k-B is simple, such a bundle will be called an m-orientable fibre bundle. 
An R-orientable fibre bundle having fibre an oriented compact m-manifold is 
m-orientable. 
Proposition 3.1. If G is a compact connected Lie group of dimension n and p : E + B 
be a principal G-bundle, then (E, p, B) is R-orientable. Therefore, it is n-orientable. 
Proof. Let A be the natural path lifting function, i.e., a map 
A: W={(x, W)E Ex Blip(x)= w(O)}+ E’ 
such that A(x, w)(O)=x and p(A(x, w)(t))=w(t) for all te1. 
Let LY E l7,( B, b) and w a loop which represents LY. Identify Gh with G by the 
nature homeomorphism and define a map F : Gh x I + E by F(x, t) = x.A (e, w)(t), 
where e is the unit of G and . is the G-action. So F satisfies (p 0 F)(x, t) = w(t) 
and F(x, 0) =x for x E G,, and t E I. Let f: Gb + G,, be the map f(x) = F(x, 1) = 
x.A(e, w)(l). Since G is connected, f is homotopic to IGh. By [13, paragraph 3, 
p. 1011, [f] only depends on (Y. It follows from the definition of [13, p. 4761 that 
(E, p, B) is R-orientable. 0 
Now we recall some definitions of [12]. 
Given an n-orientable fibre bundle p : E + B, we consider the fibre square E xR E 
and its diagonal AE. Then there exists the Thorn class T(p) E H”( E x R E, E x H E - 
AE) which is uniquely characterized by the property that its restriction on every 
fibre pair is a preferred generator. We put 
A(P) = ~-(P)IE~~E e H”(E xs El 
and call it the diagonal cohomology class of p: E + B. 
Let p’: E’+ B’ and p: E + B be n-orientable fibre bundles, and f, g : E’+ E be 
fibre-preserving maps covering a map h : B’ + B. Then we have a homomorphism 
(f, g)* : H*( E xB E) + H*( E’). For the diagonal cohomology class A(p). we put 
.$, = (f, g)*A(p) E H*(E’) 
and call it the Lefschetz coincidence class over h for f and g (see [ 121). 
Now let us assume that (E, p, B), (E’, p, B’), f and g are the same as in 
Section 2. There is the diagonal cohomology class A(p) of (E, p, B) from 
Proposition 3.1. 
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Proposition 3.2. (1) E x R E is homeomorphic to E x G. 
(2) A(p) = u*[G] where [G] E H”(G) is the orientation class of G. 
Proof. Define a map F: E x G + E xB E by F(x, a) = (x, a.~) and a map 
D:E x,E+ExG by D(x,y)=( x, u(x, y)). It is easy to check that F 0 D = I and 
D 0 F = I. Then (1) follows. 
Let x,, E E. Define the inclusion i : G + E x R E by i(a) = (x,, u.x,J. Then the 
composition 
uoi:(G,G-{e})+(E xBE, E xBE-AE)+(G,G-{e}) 
is the identity and u*(s) = T(p) where s is the preferred generator of H”( G, G - {e}). 
From the commutative diagram: 
H”(E xs E, E x,E-AE) j* - H”(E xR E) 
U* 
T 
ll* 
T 
H”(G, G-(e)) 
i* 
’ H”(G) 
we have u*([G])=A(p). 0 
Proposition 3.3. A,, = u(J g)*([ G]). 
Proof. By Proposition 3.2, Ar,g = (L g)*A(p) = (f, g)*o u*([c?]) = u(J; g)*([G]). 
Cl 
Corollary 3.4. Let F be a closed orientable manifold, and J g maps from F into G. 
Then L(f; g) = deg u(A g) where L(f, g) is thecoincidencenumberoffundg (see [14]). 
Remark. Now we have u(f; g) = g.f -’ where . is the multiplication of G. 
Proof. Suppose that B = B’= pt, and the coefficient ring is the rational field Q in 
Proposition 3.3. For the inclusion i: F+ E’= F, we have 
L(f, g) = (i*A,;,, [F]) (from [ 12, Lemma 2.21) 
=(A,,,[F]) (from B=B’=pt) 
= (u(f, g)*[ G], [F]) (from Proposition 3.3) 
= deg u(f, g). 0 
Remark. Duan proved in [6] the same result in the case where F = G and g = IG. 
Now we give an application of Corollary 3.4. Let G be a compact Lie group and 
H a closed connected subgroup of G. Then p : G + G/H is a principal H-bundle. 
Assume that H f G. 
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Proposition 3.5. Let f be a jibre-preserving map over G/ H. 
Proof. Since u(f; Z,)(G) is in H, deg u(A ZG) =O. By 
L(f,Z,)=degu(f;Z,)=O. 0 
4. The main results 
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Then L(f) = 0. 
Corollary 3.4, L(f) = 
Let ja*, . H,(G) + H,( G, G -{e}) be the homomorphism induced by j, : G + 
(G, G - {e}). By [ 13, Section 3, Chapter 61, this homomorphism is an isomorphism. 
We will use the notation #S for the cardinality of a set S and denote by i(f; g) 
#Coker(u(f; g),). 
Theorem 4.1. Let E’ be a compact connected m-manifold and dim G = n. We have 
(1) j,: * u(f, g), = N(f; g)w(u(f, g), a) for any Nielsen class a. 
(2) The coejicient ring will be Z or Z, depending on whether E’ is an orientable or 
a nonorientable manifold. Zfu(f, g)*,, # 0, then N(J; g) = i(J; g) < 0~ and l?“‘-“( N) # 0 
for any Nielsen class CY, where fi represents C&h cohomology. 
Proof. By [9] or [2], N(f, g) <co. Then (1) 
Lemma 2.2 and the commutative diagram: 
H,( E’) I* H,(E’, E’- C,,,) 
u(k)* 
follows from the definition of the index, 
H,(G) .I* H,(G, G-(e)) 
Since jCen is an isomorphism, u(X g).+.n # 0 implies jc*n 0 u(A g)*,, # 0. From (l), 
we have w(u(f; g), a) f 0 for any Nielsen class (Y. Let fi: G+ G be the covering 
map which corresponds to the subgroup u(J; g),(ZZ,( E’)) and U(f; g) a lifting of 
u(.f; g) as in Section 1. By (1) in Section 1, 
w(n(Ag),a)fO e Of~(f,g),oi,: 
H,(E’)+ H,(E’, E’-a)+ H,(6, 6{z}) 
where cr = zI(J; g))‘(c). Similarly, 
O#c(f;g)*oi .+: H,(E’)+ HJE’, E’-u”(f; g)-‘(6))- H,(6, &{a’}) 
for any cEp’-‘(a). Then N(Ag)=i(J;g) from Proposition 2.1, and H,,(E’, E’- 
c(J; g)-‘(6)) # 0 for any imp-‘(a). So by Poincare duality it follows that 
Z?Zimen(G(f; g)-‘(z)) # 0 and the results follows. 0 
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Remark. If we define the index of a root class by cohomology in Section 1, a similar 
proof obtains N(f, g) = i(X g) when ilfg # 0. 
Theorem 4.2. Let us assume the same hypothesis as in Theorem 4.1. Let b E B’, 
.h =flp'%, and gh = k+‘(b). If L(fb, gh) # 0, then 
N(fb, gh) = N(f; g) x #(u(s, g)#(n,(E’))/u(fh, gh),(fl,(P’-l(b)))). 
Remark. N(fh, gh) is the ordinary Nielsen number of fb and gh defined in [3]. 
Proof. If L(fb, gh) # 0, then u(fh, g,),, Z 0 from Corollary 3.4 and u(f; g)*, # 0 
from u(f; g)*, o i* = dfh, gh)*nr where i, is induced by the inclusion i : p’-‘( b) + E’. 
By Lemma 2.2, [2, Corollaries 2 and 41, we have N(fb, gh) = #Coker(u(f,, gh)#) 
and 
N(f; g)X#(u(f; g),(fl,(E’))lu(f,, gh),(n,(P’-‘(b)))) 
= i(x g) X#(U(J g)Afll(E’))14fb, gh)#(~l(P’-‘(b)))) 
= #(fl,GIdfb, gh),(n,(P’-l(b)))) 
= N(gh, fb). 0 
5. Examples 
The coefficient ring in this section is to be the integer ring Z. 
In [4] or [S], Dold defined a fixed-point index for a fibre-preserving map. The 
following example is an example that the Dold index is zero, but A,, is not zero. 
Example 5.1. Let G be a compact connected Lie group of dimension n. Now we 
consider the trivial bundle p: G x G + G and a fibre-preserving map f: G x G + 
G x G given by f(x, y) = (x, x.y) where x, y E G, and . is the multiplication of G. 
Then u(f; I): Gx G+ G is given by u(f, 1)(x, y)=x. Hence i(A I)= 1 and 
u(A I),, # 0 (therefore, A,, # 0). By Theorem 4.1, every fibre-preserving map which 
is homotopic to f over G has only one nonempty Nielsen class over G and 
A”( Fix g; Z) # 0. 
In [ 11, Becker and Schultz gave the Dold index for the above map in some cases 
of G and proved that the Dold index was zero when G was SO(4) or SO(7). 
Remark. The map f: G x G + G x G was studied by Fade11 and Husseini in [7]. 
They showed that f must have essential fixed points (over G). 
Professor Boju Jiang provided me with the following example. 
Example 5.2. Let v : S’+ S4 be the Hopf map. We recall from [ 1 l] that 17,(S3) = Z, 
and [Sr] 0 Y] is the generator of IT,(S3) where r] : S3 + S2 is the Hopf map and S is 
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the suspension. Without loss of generality, we assume that a vertex of suspension 
is at the unit e of S3. Then (ST)-r(e) has only one point in S4. 
Define a mapf: S’+ S’ byf(x) = Sv( V(X)). x, where . is the S3-action. Therefore, 
f is a fibre-preserving map over S4, Fixf= (ST 0 v))‘(e) = Y’(pt) = S3, and 
dimFixf=3<4. 
Since [ST 0 V] is the generator of II,(S3), Sv 0 v is surjective. Then every map g 
which is homotopic over S4 to f has the property that ~(1, g) is surjective. This 
implies Fix g # (d. 
The Dold index is zero from II, = 0, and by H”(S’) = 0, A,Q, = 0. 
By Proposition 2.3 and II, = Z,, there are only two fibre-preserving maps 
over S4 under homotopies over S4: 
(1) A : S’+ S’ is the map whose restriction on each fibre is the antipodal map. 
Then Fix A = (4. 
(2) f: S’+ S’ by f(x) = Sr]( v(x)).x. 
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